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Area per molecule in a DPPC-Cholesterol bilayers depends non-linearly on the
cholesterol concentration. Using flexible strings model of lipid membranes we cal-
culate area per molecule in DPPC-Cholesterol mixtures in the biologically relevant
concentrations range. Few parameters of the model are optimized for a perfect
agreement with the area per lipid data available from molecular dynamics simula-
tions. Lateral pressure at the hydrophilic interface, γ, is taken to be proportional to
the cholesterol concentration. Non-linearity arises as a consequence of the non-lin-
ear dependence of thermodynamical equilibrium area of molecules on γ. DPPC
lipid is modeled as flexible string of finite thickness and a given bending rigidity,
cholesterol molecule is modeled as rigid rod with finite thickness and infinite rigid-
ity. Using parameters fitted to reproduce area per molecule dependence on choles-
terol concentration, we had further calculated our model predictions for the NMR
order parameter of DPPC lipid chains and coefficient of thermal area expansion.
The microscopic nature of the model allows to consider a broad range of thermody-
namic phenomena.
INTRODUCTION
The lateral lipid membrane organization of multi-component lipid membranes that
contain cholesterol is subjected to thorough investigation because of its significance for
understanding of different vital membrane properties.  Cholesterol is present in plasma
membranes of higher eukaryotes [1–3]. The concentration of cholesterol largely varies
between membranes of different cells and tissues [4]. Depending on the exact lipid com-
position, the plasma membranes of higher eukaryotes may contain 20-50 mol% of
cholesterol [5]. 
Cholesterol plays a major role in the regulation of the fluidity and mechanical stiff-
ness of membranes [3,6,7]. The ability of cholesterol to influence the fluidity of mem-
branes is thought to be important in many biological processes including cell fusion [8],
development of Alzheimer's disease [9,10], activity of the sodium pump [11], phase sep-
aration leading to raft formation [2,12], the functioning of the raft-embedded proteins
[13] to name just a few.
When cholesterol is added to phospholipid membrane, the area per lipid decreases
(egg-lecithin [14], DMPC [15], DPPC [16]). The area per lipid dependence on choles-
terol concentration might be complex for some lipids and lipid mixtures but is monoto-
nous for DPPC [17]. The main effects observed are a significant ordering of the DPPC
chains [18], a reduced fraction of gauche bonds [16], a reduced surface area per lipid
[19]. 
In DPPC membrane at low cholesterol concentrations (10-15 mol%) long-range
lateral order is disrupted. Then at 18 mol%, a continuous cohesive liquid-ordered phase
is formed. Finally, at 40 mol% cholesterol the membrane condenses to a gel phase [20].
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The chemical structures of cholesterol and DPPC are shown on Fig. 1. Optimal
membrane location of cholesterol in a membrane is determined by the desolvation free
energy [21]. Cholesterol spans approximately one leaflet of the membrane, with its hy-
droxyl group protruding into the polar region of the bilayer [22].
The area per lipid dependence on concentration can be mimicked semi-quantita-
tively with regular solution theory using a condensed complexes model [17]. To the best
of our knowledge a microscopic theory describing cholesterol condensing effect on
DPPC membrane in a full range of biologically relevant cholesterol concentrations does
not exist.
In this paper we use microscopic flexible strings model [23,24] to calculate analyti-
cally area per lipid in the DPPC-cholesterol mixtures in the broad concentration range
of cholesterol. The theory does not allow for a description of the rich phase behavior ex-
hibited by the DPPC-cholesterol mixtures: such as transition from liquid-disordered
state to a liquid-ordered phase with high cholesterol concentration. However, it does
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Fig. 1: Chemical structures of DPPC (upper) and cholesterol (lower). 
capture the condensing effect. More over, if a few parameters are tailored to the molecu-
lar dynamics data on area per lipid [25] the agreement with the data is astonishingly
good. The theory being microscopic then might be used to calculate a thermodynamical
quantity of interest, such as lipid chains order parameter, lateral pressure profile, coeffi-
cient of thermal area expansion [23], pressure needed to make a pore [26], bending
modulus [27], etc. 
FLEXIBLE STRINGS MODEL
Flexible strings model is a microscopic model of lipid in a membrane. In this sec-
tion we give a survey of the model relevant for present paper. For more details the
reader is referred to the original publications [23,24].
One can model phospholipid in a membrane as a flexible string of some incom-
pressible core area, , and some bending rigidity . Subjecting the string to boundary
conditions allows for a calculation of partition function, , of the string's oscillations
parallel to the membrane's surface. The string on the average sweeps a surface area, 
(see Fig. 2). Requiring that pressure of the chain oscillations, , on the neighboring
lipids is balanced by the attraction of lipid heads, , one can calculate the area of the
lipid (see Fig. 3).
Fig. 2: Hydrocarbon tail as a flexible 
string.
Fig. 3: In equilibrium attraction of the 
heads is balanced by a repulsion of the 
tails: .
Unsaturated hydrocarbon chains are not modeled directly: since the whole lipid is
modeled as a single string (see Fig. 2). Instead, they influence the values of two con-
stants: incompressible area of the lipid, , and the bending rigidity . All information
about polar group of lipid is contained in a single parameter,  (see Fig. 3), which  is
lateral pressure at the hydrophilic interface. 
The chain is described in terms of the deviation of the string's centers from a verti-
cal,  (see Fig. 2). Energy functional of the string is written as a sum of kinetic en-
ergy, bending energy [28] and interactions with neighboring chains which is modeled as
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a mean-field quadratic potential:
(1)
Here  is width of the hydrocarbon part of the monolayer;  is linear density of the hy-
drocarbon chain;  is bending rigidity of the chain [24];  is a parameter of interaction
lipid with neighboring chains to be determined self-consistently. The quadratic form for
this interaction is used in polymer theory [29]. Nor peristaltic modes (thickness fluctua-
tions), nor interlayer friction are taken into account. The integration is not performed for
the  and  axis, because corresponded deviations of the centers of the string are consid-
ered small, and this assumption holds within the theory.
Using boundary conditions for a string it is possible to re-write potential energy in
Eq. 1 in operator form. Interpreting its eigenfunctions as elementary oscillation modes,
one can calculate the partition function, . The partition function might also be written
as a path integral over all chain conformations. Considering  using the two expres-
sions for partition functions leads to the equation which relates area per lipid with a pa-
rameter of interlipid interaction, :
(2)
Where the following dimensionless variables were introduced:
(3)
Free energy of the string is a sum of free energy of oscillations and surface energy:
(4)
here  is a microscopic surface tension. On the basis of undulation analysis it is esti-
mated to be 50 dyn/cm [30] for DPPC at 323 K. Requiring free energy to be a minimum
at equilibrium with respect to area of lipid one arrives at simple condition 
(5)
solving which an area per lipid might be finally obtained. The two main input parame-
ters are incompressible area, , and bending rigidity, .
Cholesterol might be modeled as a string with infinite rigidity : rigid rod.
In this case conformations with bending possess an infinite energy and thus are elimi-
nated. Hence, one is left with just two terms in the energy functional [26]:
(6)
The overall formalism holds the same. Eq. 2 becomes
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(7)
(since for rigid rods , one can't use dimensionless b as defined in Eq. 3). This
expression might also be obtained from energy functional with finite bending rigidity
Eq. 1: large  corresponds to the opposite limit for : , as compared with the
limit  used in derivation of Eq. 2. Since  then  (see Eq. 3) which
leads exactly to the Eq. 7.
Rigid rod analogue of Eq. 5 is
(8)
Rigid rod approximation, Eq. 8, allows one to find area of the lipid analytically:
(9)
Despite the rod is rigid mean area per lipid does not equal to the incompressible area,
since the rod might move in lateral direction as a whole.
CALCULATION
Consider a bilayer membrane consisting of DPPC and cholesterol. Let us denote
 as surface tension at hydrophilic tension at a pure DPPC membrane.
At large concentration cholesterol doesn't form membranes and is known to be in a
condensed state. Nevertheless, we can make an analytical extrapolation and consider
pure cholesterol "membrane". Let us denote its surface tension at hydrophilic tension as
.
Since  is a macroscopic parameter membrane composed of cholesterol and DPPC
will have some effective  which might be measured using e.g. molecular dynamics
simulations [30]. Assuming it to be proportional to the component's concentrations we
write:
(10)
where  is cholesterol concentration.
Area per molecule is by definition
(11)
where  is found by solving 
(12)
here  is taken from Eq. 5 for DPPC lipid or Eq. 8 for cholesterol molecule.
Fig. 4 shows the result of solving Eq. 11 numerically. 
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In order to find out the underlying physics of the numerical result on Fig. 4 we
search for a condition which makes a calculated curve go below the ideal solution curve
— the straight curve that connects area per molecule at pure DPPC and pure cholesterol
membranes.
The equation for an ideal curve is
(13)
we want to find a condition which guarantees that 
(14)
(here  is defined in Eq. 11).
Taking derivative with respect to cholesterol concentration, , of both sides of
Eq. 11 and substituting  gives:
(15)
Partial derivative of  with respect to  might be calculated by differentiating
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Fig. 4: Solid line: calculated area per molecule from Eq. 11 for biologically relevant 
cholesterol concentration range. Dotted line: analytical extrapolation of Eq. 11 into ex-
perimentally unattainable cholesterol-rich range . Green circles: averaged results of 
molecular dynamics simulations [25]. The parameters we used are:  Å2,
 Å2,  erg/cm2,  erg/cm2, ,  K, 
L=17.2 Å.
equilibrium condition Eq. 12:
(16)
Here  (see Eq. 10) and we get an expression for . Substituting it into
inequality Eq. 15 gives
(17)
where we took into account that  is same as . Here 
(18)
(assuming  is relatively large). 
The inequality Eq. 17 might be true or false depending on the parameters of the
two strings: one which models DPPC lipid, and the other which models cholesterol mol-
ecule.
Since Eq. 5 is analytically insolvable with respect to , one can't express  in
terms of input parameters of the model. Hence, in order to get further insight one has to
resort to the approximation: we consider a liquid-disordered limit, 
, for DPPC lipids.
Although for rigid rods, which model cholesterol molecules, there's an analytical
expression for area per molecule, Eq. 9, this expression is too complicated to deal with.
Hence, we consider a liquid-ordered limit for cholesterol: .
Let us mention that for DPPC the approximation  is actually
bad, since experimentally it is: , while approximation for
cholesterol is more justified, since experimentally it is: . Still, considering a
liquid-disordered limit for DPPC lipids, and liquid-ordered limit for cholesterol should
capture the main difference between the two.
Liquid-disordered limit
Using Eq. 5 one can introduce a dimensionless parameter:
(19)
Raising this equation to the  degree gives:
(20)
Assuming a liquid-disordered limit, , we write:
(21)
7/16
Note that since  then . Using these conditions together with Eq. 21 we
can re-write Eq. 18:
(22)
 
Liquid-ordered limit
Looking at Eq. 9 and implying  one finds that 
(23)
Expanding Eq. 9 in  then leads to
(24)
Condition for derivative
Substituting Eq. 22 and 24 into inequality Eq. 17 finally leads to
(25)
This is a non-linearity condition: parameters of the two strings, one models DPPC lipid
and the other models cholesterol molecule, have to satisfy it, for the area per lipid de-
pendence on the cholesterol concentration to be below the ideal solution curve.
Despite this condition is derived using liquid-disordered and liquid-ordered limits,
the parameters used to calculate area per molecule (see Fig. 4) satisfy it.
RESULTS AND DISCUSSION
We consider bilayers of DPPC lipids and cholesterol molecules. We model DPPC
lipid with flexible string and cholesterol molecule with rigid string, which supposed to
model the chemical structure of the two molecules. We make an analytical extrapolation
to model a pure cholesterol "membrane".
In order to describe interaction between the two lipids, which is evident from the
area per molecule in the mixtures of DPPC lipids and cholesterol molecules, we assign
different pressures at the hydrophilic interface for the pure membranes: . The
quantity  is the only input parameter of flexible strings model which describes the in-
fluence of membrane on the lipid state.
We assumed a linear dependence of non-pure membrane on the cholesterol concen-
tration (see Eq. 10). Area per molecule also depends linearly on the cholesterol concen-
tration (see Eq. 11). Non-linearity in area per molecule of DPPC-cholesterol mixtures
appears due to non-linear dependence of area per molecule on membrane's pressure at
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the hydrophilic interface for each of the component (see Eq. 5 and 8).
Few parameters of the model are optimized for a perfect agreement with data from
molecular dynamics simulation [25] — see Fig. 4.
We also found a relation between parameters of the string, which leads to the non-
linear area per molecule dependence on cholesterol concentrations (see Eq. 25).
Namely, decreasing rigidity (  through , see Eq. 3) or pressure at the hydrophilic in-
terface ( ) increases the effect of non-linear area per molecule dependence on choles-
terol concentration; while increasing incompressible area of DPPC lipid — decreases
this effect.
Order parameter
In molecular dynamics study [18] it has been reported that merely increasing the
tension in the DPPC membrane can't reproduce the order parameter of cholesterol-rich
DPPC membrane. In this section we calculate NMR order parameter of the 60% DPPC,
40% cholesterol membrane.
There are at least two kinds of lipid order parameters in common use: one is molec-
ular order parameter, , and the other is NMR order parameter, . The basic for-
mula for the two is the same:
(26)
but the angle is different.
In molecular order parameter the angle is defined as a deviation of the lipid chain
from the averaged director of the lipid.
NMR order parameter measures the mobility of the deuterium, C-D, bond. The an-
gle is in Eq. 26 is the angle between a given C-D bond and the normal to the membrane.
The deuterium atom might be on either of the two C-H bonds of the given C atom in a
polymer chain, that leads to the NMR order parameter at a given C atom is the mean or-
der parameter of the two possible deuterium positions. If one would take into account
that lipid is also rotating about its director and that trace of order parameter tensor is
unity by definition, then one arrives at the so-called recursion relation [31] 
(27)
Expression for  have been derived earlier [24]:
(28)
but in this paper we take into account tilt, which is reported to be 20° for 40% choles-
terol DPPC membrane [18]. Denoting tilt with  we write:
(29)
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Assuming  is small we substitute  with . Now using the result from the
earlier work [24]:
(30)
together with Eq. 27 we get
(31)
This result applies to flexible strings that we used to model DPPC lipids. The result
is plotted in Fig. 5.
The result of analytical calculation resembles that of molecular dynamics simula-
tion in the middle area of the monolayer, with two sufficient discrepancies in the bor-
ders:  value at which analytical curve starts, which is lower than the
MD value, and the drop toward the midplane region, . 
The first discrepancy might be due to our model doesn't take into account the lat-
eral oscillation of lipid as a whole, combined with a boundary condition [23], that chain
should be parallel to the membrane normal near the membrane surface. We took into ac-
count gel phase tilt angle, which made it  instead of . The value 
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Fig. 5: Solid line: calculated NMR order parameter. Dotted line: DPPC order parame-
ter data from molecular dynamics simulation [18]. Both curves are plotted for tempera-
ture  K. With large  approximation of small deviations of centers from the 
vertical in our model no longer works, and hence we plotted it with dashes.
should be lowered by the cholesterol oscillation in the direction of membrane normal
[32].
The second discrepancy is because small deviations of centers of the string from
the vertical breaks in the midplane region. 
DMPC-cholesterol system
Supplement material for [33] contains data on NMR order parameter for, , for
DMPC in a DMPC-cholesterol 1:1 molar mixture. DMPC has the same head group as
DPPC and its tails are two methylene shorter than tails of DPPC. Hence, we modeled it
with a shorter string, and we also increase incompressible area of the string describing
DPPC lipid in order to obtain correct area per lipid in a pure DMPC membrane. The re-
sult of calculation is plotted on Fig. 6.
Again the result of analytical calculation resembles that of NMR experiment, in the
middle area of the monolayer, with sufficient differences in the borders: namely 
and  values, which are caused by the limitations of our model.
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Fig. 6: Solid line: calculated NMR order parameter. Dotted line: DMPC order parame-
ter data from NMR experiment [33]. Both curves are plotted for  °C. With large
 approximation of small deviations of centers from the vertical in our model no 
longer works, and hence we plotted it with dashes.
DOPC-DPPC system
Area per lipid in DOPC-DPPC systems is also non-linear [34]. 
DOPC and DPPC have same hydrophilic head and hence should be described with
the same tension at the hydrophilic interface,  in our model. That means that  in
DOPC-DPPC mixtures does not depend on concentration (see Eq. 10). And since  is
the only parameter in our model that controls interaction of lipid with the membrane,
lipids in DOPC-DPPC mixtures in our model wouldn't know that membrane is two
component.
In [34] it is found that lipids in DOPC-DPPC mixtures form clusters. Our model in
its current form merely describes a cross-over of membrane's tension at the hydrophilic
interface. In order to describe clustorization it should be added with a direct lipid tails
interaction.
Conclusions
Flexible strings model is microscopic model of lipids in a membrane. It might be
used to complement existing calculational techniques, such as theory of elasticity and
computer simulations to get insight into the physics of lipid membranes.
In this paper we calculated the area per lipid in a DPPC-cholesterol bilayer mem-
branes in a biologically relevant cholesterol concentrations. Few parameters of the
model were tailored for an excellent agreement with the data available from molecular
dynamics simulations (see Fig. 4).
We also found an inequality that must be satisfied by parameters of the model for a
non-linear behavior of the area per molecule dependence on concentration of the com-
ponents.
We then calculate NMR order parameter of DPPC for 60% DPPC – 40% choles-
terol and DMPC for 50% DMPC – 50% cholesterol membranes, taking into account tilt
of the DPPC and DMPC lipids. The results resemble data from molecular dynamics
simulation and NMR experiments in the middle area of monolayer, with two discrepan-
cies at the borders: i.e. for  and  values, the first one is because of the
boundary condition we use [23], and the second one is due to small deviation of centers
of the string from the vertical approximation doesn't work in a mid-plane region.
Finally, we note that our approach currently is limited to considering the homoge-
neous states of the membranes, e.g. without phase separation. Besides that, our simpli-
fied approach so far discerns different lipids merely by ascribing related with them dif-
ferent contributions to an effective tension  at the hydrophilic interface. These limita-
tions will be lifted in the future.
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APPENDIX
Eq. 10 sets  of the mixture to be proportional to the molar concentration of the
components. Nevertheless, setting  of the mixture to be proportional to the area con-
centration of the components
(32)
(here  is a molar concentration of cholesterol) leads to a much more complex equations
with the same result, as we show below.
In order to find area per lipid in a DPPC-cholesterol mixture with a  of the
form Eq. 32 one has to solve a system of equations for  and  for a given choles-
terol concentration:
(33)
where  is given in Eq. 5, and  is given in Eq. 8.
Substituting  and  in denominators of Eq. 32 with equilibrium values, one
can find the solution of system 33 numerically. The obtained  dependence is almost
linear (see Fig. 7) and area per lipid curve is below the curve of ideal mixture (see
Fig. 8), which is same we had with a much simpler Eq. 10.
Fig. 7:  obtained by solving system 33
numerically. 
Fig. 8: Area per lipid obtained by solving 
system 33 numerically. 
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